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, ( ) K. V\"a\"an\"anen [1], [2], [3]
– .
1
, $K$ 2 , $q$ $K$ 1 . ,
$s$ , $P(z)\in K[z]$ $s$ $P(\mathrm{O})\neq 0,$ $P(q^{-n})\neq 0(n\geq 0)$
. , $\phi(z;q)$
$\phi(z;q)=\sum_{=n0}^{\infty}\frac{q^{-s(_{2}^{n})}}{P(1)P(q-1)\cdots P(q-(n-1))}z^{n}$ (1)
. , certain $q$-hypergeometric series . ,
Tschakaloff
$T_{q}(z)= \sum_{n=0}\frac{z^{n}}{q(\begin{array}{l}n+12\end{array})}\infty$
, $s=0,$ $P(Z)\equiv 1$ $\phi(qz;q)$ , q-
$E_{q}(z)= \sum_{n=0}\frac{z^{n}}{(q-1)(q^{2}-1)\cdots(q-1n)}\infty=\prod_{n=1}^{\infty}(1+\frac{z}{q^{n}})$
, $s=1,$ $P(Z)=q-Z$ $\phi(z;q)$ . ,
$\lim_{qarrow 1}E_{q}((q-1)Z)=\sum_{n=0}\frac{z^{n}}{n!}\infty$
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, $J_{0}(z)$ . , $J(z;q)$ $J_{0}(z)$ q-
.
, , $\phi(z;q)$ $K$ $K$ .
, $\phi(\alpha;q)\in K$ $\alpha\in K$ . ,





. , Tschakaloff [9] , $T_{q}(z)$ . ,
$\alpha\in K\backslash \{0\}$ $T_{q}(\alpha)\not\in K$ . , Lototsky [6] , $E_{q}(z)$
$\{-q^{n}|n\in \mathrm{N}\}$ .
, q- ( ) . $\phi(z;q)$
, Stihl [8] , $P$ $s$ , $K[z]$ 1
, $\phi(z;q)$ . , B\’ezivin [4] , $P$
$s$ ( , ) , $\phi(z;q)$
$\{a_{s}q^{n}|n\in \mathrm{Z}\}$ . , $a_{s}$ $P$ $s$
. Stihl ( ) B\’ezivin (
) , $\phi(z;q)$
. , , $\phi(z;q)$ .
.
3
$\alpha\in K\backslash \{0\}$ . ,
$f(z)=f(z; \alpha)=\sum_{n=0}^{\infty}\frac{q^{-s(\begin{array}{l}n2\end{array})}}{P(q^{-1}Z)\cdots P(q^{-}nz)}\alpha n$ (3)
, $f(z)$ . $f(z;\alpha)$
, $\phi(\alpha;q)=f(q)$ . , $f(z)$
$P(z)f(qZ)=\alpha Z^{s}f(z)+P(Z)$ (4)
, , $\phi(z, q)$
$\{P(q\triangle)-Z\triangle^{s}\}\phi(Z)=P(q)$ , $(\triangle\phi)(\mathcal{Z}):=\emptyset(q-1\mathcal{Z})$
14
. Duverney [5] ,
, .
1(Duverney [5]( $K=\mathrm{Q}$ ) ;[1]) $g(z)$ ,
$Q(z)g(qz)=z^{s}g(Z)+R(Z)$ , $Q,$ $R\in K[z]$
, . , $Q(\mathrm{O})\neq 0$ $Q$
$s$ . , $\alpha\in K\backslash \{0\}$ $g(z)$ , $g(\alpha)\not\in K$
.
, $f(z;\alpha)$ , $\phi(\alpha;q)\not\in K$ . – ,
$f(z;\alpha)$ , $f(z;\alpha)\in K[z]$ , $\phi(\alpha;q)\in K$ . ,
$\alpha\in K$
$\phi(\alpha;q)\in K\Leftrightarrow f(z;\alpha)$
. , $\alpha=0$ , $f(z;0)\equiv 1$
. , $\phi(z;q)$ , $f(z;\alpha)$ $\alpha\neq 0$
.
, Stihl B\’ezivin . $\alpha\in K\backslash \{0\}$
. , $f(z;\alpha)$ . , $f(z;\alpha)$
$n(\geq 1)$ , (4) , $P$ $s$ ,
, $\alpha=a_{S}q^{n}$ . , $a_{s}$ $P$
$s$ . , Stihl ( ) B\’ezivin (
) . , $P$ $s$ , $\alpha\in K\backslash \{0\}\backslash$
$\phi(\alpha;q)\in K\Rightarrow\alpha\in\{a_{s}q^{n}|n\in \mathrm{N}\}$ (5)
, . $E_{q}(z)$ Lototsky ,
, .
4
, Lototsky – . $s=1,$ $P(z)=Az+$
$B$ $(AB\neq 0)$ . , (4) $K[[z]]$
$f(z)= \sum_{n=0}^{\infty}fn^{Z^{n}}$
15
, $fo=1,$ $f1=(Bq)^{-1}\alpha$ ,
$f_{n}=(Bq^{n})-1(\alpha-Aqn-1)fn-1$ $(n\geq 2)$
, $\alpha=Aq^{n}$ , $f(z)$ $n$
. , (5) .
$A=-1,$ $B=q$ , Lototsky . , $P(z)=Az^{S}+B(s\geq 1)$
, , $s=1$ $q$ $q^{s}$
, $\alpha\in K\backslash \{0\}$
$\phi(\alpha;q)\in K\Leftrightarrow\alpha\in\{a_{s}q^{sn}|n\in \mathrm{N}\}$
.
, $P(z)\neq Az^{s}+B$ $P$ .
5
, $P(z)\neq Az^{s}+B$ $P$ ,
.
2([2], [3]) $s$ 2 , $a_{i}(x)(i=0,1, \ldots, S)$ $K$
$a_{S-1}(1)a_{s-}1(-1)(a_{S}^{2}-1(-1)-2aS(-1)a_{s-}2(-1))\neq 0$
. , $P(z)=P(z;q)$
$P(z)= \sum_{i=0}^{s}ai^{\mathcal{Z}}i$ , $a_{i}=a_{i}(q)(i=0,1, \ldots, s)$
( , $a_{s}(q)ao(q)\neq 0$ ), $\phi(z;q)$
. , $K$ $a_{i}(x)$ $C$
, $H(q)\geq C$ , $\alpha\in K\backslash \{0\}$ $\phi(\alpha;q)\not\in K$ .
, $H(q)$ $q$ ( $q$ $\mathrm{Z}$ ) .
, $x_{1}=1+q,$ $x_{2}=1-q$ , $K$ $S$ S-unit
equation $x_{1}+x_{2}=2$ , 2 $S$-unit equation
(Shorey and Tijdeman [7] ).
16
2 $a_{i}(x)(i=0,1, \ldots, s)$ 1 , $K$ $C=C(K)$
. , $K$ ?
, $K$ , $q$ , $q$ ,
2 ( , $|q|>1$
). , $q$ , 2 $K$






3([3]) $q$ 2 $|q|>1$ , $K$
$q$ 2 . , $\phi(z;q)$ (2) .
, $\alpha\in K\backslash \{0\}$ ,
$(q, \alpha)=(-3, -27),$ $((-1\pm\sqrt{-7})/2, (1\pm 3^{\sqrt{-7}/2}))$
$\phi(\alpha;q)\not\in K$ .
, 2 , $\alpha$ $\phi(z;q)$ .
, $q$ , $c_{n}=c_{n}(q)(n\in \mathrm{N})$
. , $c_{n}$ $c_{1}=1,$ $c_{2}=2$ ,
$C_{n+2}=2c_{n+1}-(1-q^{n})_{C_{n}}$ $(n\in \mathrm{N})$
, $s=2,$ $P(z)=(z-q)^{2}$ ,
(4) $n$ $f(z)$ $\Leftrightarrow\alpha=q^{n}$ $c_{n}=0$
. , , $(q, \alpha)$
$c_{n}=0$ . , $q=-3$ , $c_{34}=0,$$C=16,$ $c_{5}=32$
, , $n\geq 5$
$|c_{n+1}|>3|c_{n}|$ , $(3^{n}-1)|c_{n}|>5|c_{n+1}|$




[1] , 1 quantitative version . ,
$g(\alpha)\not\in K$ $(-\text{ })$ . , $\alpha\in K$
$\phi(\alpha;q)$ , . ,
.
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